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Abstract.
Two-sided conformally recurrent 4-dimensional self-dual spaces are considered. It is
shown that such spaces are equipped with nonexpanding congruences of null strings.
The general structure of weak nonexpanding hyperheavenly spaces is given. Finally, the
general metrics of Petrov-Penrose type [D]⊗ [−] spaces are presented.
1 Introduction
The paper is devoted to some interesting aspects of a complex geometry. By ”complex
geometry” we understand the geometry of the manifolds which are 4-dimensional in a
complex sense. We assume, that such manifolds are equipped with a holomorphic metric.
Hence, they are generalizations of 4-dimensional real manifolds equipped with a real
smooth metric. It is well-known that in dimension 4 there are three different types of
real manifolds. These are Lorentzian manifolds (in this case the metric has signature
(+ + +−)), neutral manifolds (signature of the metric is (+ + −−)) and Riemannian
(also called proper-Riemannian or Euclidean) manifolds (signature (+ + ++)).
The spaces which we analyze in this paper have additional property: they are two-
sided conformally recurrent. The idea of the spaces which are conformally recurrent, i.e.,
for which ∇mCabcd = rmCabcd1, Cabcd 6= 0, has a long history in general theory of relativity
and in differential geometry. One of the most transparent papers devoted to such spaces
is that by McLenaghan and Leroy [6]. In this paper the authors have found all Lorentzian
metrics which are two-sided conformally recurrent. It appeared that if such a space is
not conformally flat its metric is of the Petrov-Penrose type [D] or [N].
What more can be done in the subject if the metrics of the conformally recurrent
spaces are explicitly known? The answer is: the results can be generalized to the complex
case and to the real cases of the different signatures. Although real Riemannian spaces
and real neutral spaces are not the realistic models of space-time, they play a great role
in theoretical physics and in geometry. Neutral spaces appear in Walker and Osserman
geometries [2, 23], projective structures [3], integrable systems and ASD structures [4],
rolling bodies, para-Hermite and para-Ka¨hler spaces [7, 8]. The investigations of real
Riemannian spaces led to the idea of gravitational instantons [5,15,16,22]. 4-dimensional
real manifolds can be obtained from a complex solution by the procedure of real slice
1For conformally symmetric spaces rm = 0.
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of complex metric [19]. This remarkable fact justifies the studies of complex spaces in
dimension 4.
Generalization of the Lorentzian conformally recurrent spaces has been presented in
the distinguished paper by Pleban´ski and Przanowski [12]. They extended the definition
of the conformal recurrent spaces to the two-sided conformally recurrent spaces and they
proved that if a space is two-sided conformally recurrent then both self-dual (SD) and
anti-self-dual (ASD) Weyl spinors must be of the Petrov-Penrose types [D], [N] or [−].
Hence, the only complex spaces which can be two-sided conformally recurrent are spaces
of the types [D]⊗ [D], [N]⊗ [N], [D]⊗ [−] and [N]⊗ [−]. The generalization of the results
of [6] led to the complex spaces of the types [D] ⊗ [D] and [N] ⊗ [N]. Pleban´ski and
Przanowski found neutral and Riemannian slices of these types of spaces.
An important section of [12] is devoted to the self-dual spaces. Self-dual spaces are the
spaces for which ASD Weyl spinor vanishes. SD metrics of the type [N]⊗ [−] have been
explicitly presented in [12], but Pleban´ski and Przanowski wrote: ”Up to now we have
not succeeded in integrating the type [D]⊗ [−]. It seems to be a rather hard problem”.
The main aim of our paper is to fill this gap.
In our paper the formalism of weak hyperheavenly (HH) spaces is used [2, 13]. The
important property of the weak HH-spaces is the existence of 2-dimensional, totally
null completely integrable distribution. The family of the integral manifolds of such
a distribution is called congruence (foliation) of null strings (for definition, see section
2.2). Two-sided conformally recurrent type [D] ⊗ [−] spaces are equipped with two SD
congruences and both of them are parallely propagated. This fact is crucial for our
considerations.
The main results of our paper are the metrics (4.19), (4.22) and (4.37). These are
general metrics of the SD spaces of the type [D]nn ⊗ [−]e. They admit real slices. Real
neutral slices equipped with two nonexpanding congruences of (real) SD null strings can
be obtained immediately by considering all coordinates and constants as real ones. Thus,
in neutral case the metrics (4.19), (4.22) and (4.37) are general metrics of so called para-
Ka¨hler type [D]nn⊗ [−]e spaces. Real Riemannian slices involve a more subtle approach.
We analyze Einstein metric (4.37) and we transform it to the form (4.51) which is more
plausible for obtaining real Riemannian slices. It appears that Riemannian slice of the
metric (4.51) is Fubini-Study metric. Riemannian slices of the non-Einstein metrics (4.19)
and (4.22) will be presented elsewhere.
The paper is organized, as follows.
In section 2 short introduction to the formalism used in the paper is given. The
concept of the congruences of null strings and Petrov-Penrose classification of the Weyl
spinors is introduced. It is also proven that two-sided conformally recurrent spaces are
equipped with nonexpanding congruence of null strings. Section 3 is devoted to the
nonexpanding weak hyperheavenly spaces. The definition and the form of the metric
of such spaces are introduced. It is explained how to pass from such spaces to the
algebraically degenerated SD spaces.
In section 4 a special subtype of the SD spaces of the type [D], namely, type [Dnn]⊗[−]e
is considered. Spaces of such a type are two-sided conformally recurrent. The final
equations (4.9) are found and integrated. The solutions led to the metrics (4.19), (4.22)
and (4.37). Finally, the transformation of the Einstein solution (4.37) to the double null
coordinates system is presented.
Concluding remarks close the paper.
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2 Preliminaries
2.1 Petrov-Penrose classification
Let (M, ds2) be a 4-dimensional complex analytic differential manifold equipped with
a holomorphic metric. The metric ds2 can be written in the form
ds2 = 2e1e2 + 2e3e4 (2.1)
where 1-forms (e1, e2, e3, e4) are the members of a complex null tetrad and they form a
basis of 1-forms. The dual basis is denoted by (∂1, ∂2, ∂3, ∂4) and it is also called the null
tetrad. gAB˙ and ∂AB˙ are the spinorial images of the null tetrads
(gAB˙) :=
√
2
[
e4 e2
e1 −e3
]
, (∂AB˙) := −
√
2
[
∂4 ∂2
∂1 −∂3
]
, A = 1, 2, B˙ = 1˙, 2˙ (2.2)
Spinorial indices are manipulated according to the following rules
mA = ∈AB mB , mA = mB ∈BA , mA˙ = ∈A˙B˙ mB˙ , mA˙ = mB˙ ∈B˙A˙ (2.3)
where ∈AB and ∈A˙B˙ are the spinor Levi-Civita symbols
(∈AB) :=
[
0 1
−1 0
]
=: (∈AB) , (∈A˙B˙) :=
[
0 1
−1 0
]
=: (∈A˙B˙) (2.4)
∈AC∈AB= δBC , ∈A˙C˙∈A˙B˙= δB˙C˙ , (δAC) = (δB˙C˙ ) =
[
1 0
0 1
]
Spinorial formalism used in this paper is Infeld - Van der Waerden - Pleban´ski notation.
For more details see [9, 11]. Also, a brief summary of this formalism has been presented
in [1, 12].
Spinorial image of the SD part of the Weyl tensor is called the SD Weyl spinor and it
is 4-index, undotted spinor totally symmetric in all indices CABCD = C(ABCD). It is well
know that it can be presented as a product of some 1-index spinors
CABCD = a(AbBcCdD) (2.5)
aA, bA, cA and dA are undotted complex spinors which are called Penrose spinors. If all
Penrose spinors are mutually linearly independent then the SD conformal curvature is
algebraically general. If at least two Penrose spinors are proportional to each other, then
the SD conformal curvature is algebraically special. All possible degenerations between
Penrose spinors give the Petrov-Penrose classification of the SD conformal curvature:
type [I] : CABCD = a(AbBcCdD) (2.6)
type [II] : CABCD = a(AaBbCcD)
type [D] : CABCD = a(AaBbCbD)
type [III] : CABCD = a(AaBaCbD)
type [N] : CABCD = aAaBaCaD
type [−] : CABCD = 0
The similar classification holds true for the ASD Weyl spinor CA˙B˙C˙D˙.
In a complex case SD and ASD Weyl spinors are unrelated and they can be of an
arbitrary Petrov-Penrose type. To find the type of the conformal curvature of a complex
space one has to determine the Petrov-Penrose type of SD and ASD parts separately.
Commonly used symbol is [SD type] ⊗ [ASD type]. For example, [D] ⊗ [N] means that
SD Weyl spinor is of the type [D] while ASD Weyl spinor is of the type [N].
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2.2 Congruences of null strings
In this section we equip (M, ds2) with additional structure: 2-dimensional, integrable,
totally null distribution. Family of integral manifolds of such distribution is called con-
gruence of null strings and it plays a fundamental role in our further investigations. For
more detailed analysis of the congruences of null strings see [1, 13].
Let DmA = {mAaA˙,mAbA˙}, aA˙bB˙ 6= 0 be a 2-dimensional SD holomorphic distribution
defined by the Pfaff system
mAg
AB˙ = 0 (2.7)
The distribution DmA is integrable in the Frobenius sense if and only if the spinor field
mA satisfies the equations
mAmB∇AC˙mB = 0 (2.8)
Eqs. (2.8) are called SD null string equations. If Eqs. (2.8) hold true one says that the
spinor mA generates the congruence of SD null strings. The integral manifolds of the
distribution DmA are totally null and geodesic, 2-dimensional SD holomorphic surfaces
(SD null strings). The family of such surfaces constitute the congruence of SD null strings.
More precisely
Definition 2.1. A congruence (foliation) of null strings in a complex 4-dimensional
manifold M is a family of totally null and totally geodesic 2-dimensional holomorphic
surfaces such that for every point p ∈M there exists only one surface of this family such
that p belongs to this surface.
Eqs. (2.8) are equivalent to the equations
∇AC˙mB = ZAC˙mB+ ∈AB MC˙ (2.9)
where ZAC˙ is the Sommers vector and MC˙ is the expansion of the congruence
2. The
expansion is the most important property of the congruence of null strings. If MA˙ 6= 0
the congruence is expanding ; if MA˙ = 0 then the congruence is nonexpanding. If the
congruence is nonexpanding it means that the distribution DmA is parallely propagated,
i.e., ∇XV ∈ DmA for every vector field V ∈ DmA and for arbitrary vector field X.
Note, that if MC˙ = 0 then from (2.9) it follows that covariant derivative of the spinor
field mB is proportional to this field, ∇amB = ZamB. Such a spinor field is called
recurrent. Hence
Corollary 2.1. Nonexpanding congruences of null strings are generated by the recurrent
spinor fields. 
Two facts are important for further analysis (see [1] for proofs)
Theorem 2.1. If a spinor mA generates a congruence of SD null strings, then it is a
Penrose spinor. 
Theorem 2.2. If a spinor mA generates a nonexpanding congruence of SD null strings,
then it is a multiple Penrose spinor. 
2The concept of the expansion of the congruence of null strings should not be mistaken with the
concept of the expansion of the congruence of null geodesic lines. The expansion of the congruence
of null geodesics is well-known in general theory of relativity and together with other optical scalars
like twist and shear is used for the classification of the exact solutions of Einstein field equations, see,
e.g., [21].
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From Theorem 2.1 it follows, that maximal number of distinct congruences of SD
(ASD) null strings is 4. Only SD (ASD) type [I] can be equipped with 4 distinct con-
gruences of SD (ASD) null strings. For our purposes it is especially desirable to analyze
Petrov-Penrose type [D]. There are 6 possibilities (see Scheme 1)3. Superscript e means
that the corresponding congruence is expanding while superscript n means that it is
nonexpanding. The number of superscripts corresponds to the number of distinct con-
gruences.
[Remark. In real spaces equipped with a neutral signature metric there are two
different types [D] of SD Weyl spinor. The first one is usually denoted by [Dr] (subscript
r means real). In this case SD Weyl spinor can be decomposed according to the formula
CABCD = a(AaBbCbD) where aA and bA are real 1-index undotted spinors. The second type
is denoted by [Dc] (subscript c means complex) and its decomposition reads CABCD =
a(AaBa¯C a¯D) where aA is a complex 1-index undotted spinor and bar denotes complex
conjugation. Hence, Scheme 1 holds true also for the type [Dr]. Type [Dc] does not
admit any real congruences of null strings.]
0 congruences: [D]
 
1 congruence: [D]e
 
[D]n
 
2 congruences: [D]ee [D]en [D]nn
Scheme 1: Subtypes of Petrov-Penrose type [D].
Theorem 2.3. If the SD (ASD) Weyl spinor vanishes, then the space is equipped with
infinitely many congruences of SD (ASD) null strings. If the curvature scalar is nonzero
R 6= 0 then all congruences of SD (ASD) null strings are expanding. If the curvature
scalar vanishes R = 0 then there are both expanding and nonexpanding congruences of
SD (ASD) null strings.
Proof. See [13]. 
We use the symbol [any]⊗ [−]e for SD spaces with R 6= 0 and the symbol [any]⊗ [−]n
for SD spaces with R = 0.
2.3 Two-sided conformally recurrent spaces
The following definitions can be found in [20,21]
Definition 2.2. Recurrent space is a nonflat space in which the Riemann tensor satisfies
∇mRabcd = rmRabcd (2.10)
If rm = 0 then the space is symmetric.
3In Einstein spaces only subtypes [D]nn and [D]ee are admitted [10,17].
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Definition 2.3. Conformally recurrent space is space which is not conformally flat and
for which the Weyl tensor satisfies
∇mCabcd = rmCabcd (2.11)
If rm = 0 then the space is conformally symmetric.
It can be shown that (2.10) is equivalent to the following relations
∇mCabcd = rmCabcd, ∇mCab = rmCab, ∇mR = rmR (2.12)
where Cab is the traceless Ricci tensor and R is the curvature scalar. It implies that each
recurrent (symmetric) space is conformally recurrent (conformally symmetric). Finally
for the Lorentzian manifolds we have [21]
Definition 2.4. Complex recurrent space-time is a nonflat space in which the SD Weyl
tensor C∗abcd satisfies
∇mC∗abcd = rmC∗abcd (2.13)
Because in the complex spaces and in the real neutral spaces SD and ASD Weyl
spinors are unrelated, the following definition has been formulated in [12]
Definition 2.5. LetM be a four-dimensional real smooth or complex analytic differential
manifold equipped with the real or holomorphic metric ds2. Then the pair (M, ds2) is two-
sided conformally recurrent Riemannian manifold if there exist vectors rm and r˙m such
that
∇mCABCD = rmCABCD (2.14a)
∇mCA˙B˙C˙D˙ = r˙mCA˙B˙C˙D˙ (2.14b)
and CABCD and CA˙B˙C˙D˙ do not vanish simultaneously.
In the case of real Lorentzian spaces, the Definition 2.5 and the Definition 2.4 are
equivalent.
The following Lemma can be easily extracted from [12] although it has not been
formulated there explicitly.
Lemma 2.1. Let CABCD 6= 0 and ∇mCABCD = rmCABCD. Then (M, ds2) is equipped
with nonexpanding congruence of SD null strings.
Proof. Putting CABCD = a(AbBcCdD) in (2.14a) and contracting it with a
AaBaCaD we
obtain two solutions. The first solution is aA∇maA = 0, so aA is a recurrent spinor field.
Hence, it generates a nonexpanding congruence of SD null strings. The second solution
gives aAbA = 0 ⇐⇒ bA ∼ aA. Hence, aA is double Penrose spinor. In this case Petrov-
Penrose type of the SD Weyl spinor is [II] so CABCD = a(AaBcCdD). Feeding (2.14a) with
CABCD = a(AaBcCdD) and contracting it with a
AaBaC one find that aA is a recurrent
spinor field or cA ∼ aA so aA is triple Penrose spinor. In this case algebraic type of the
SD Weyl spinor is [III], equivalently CABCD = a(AaBaCdD). Putting this form of CABCD
once again in (2.14a) and contracting with aAaB one gets that aA is recurrent or dA ∼ aA
so aA is quadruple Penrose spinor. Hence, the type is [N] and CABCD = aAaBaCaD. The
last step is to put CABCD = aAaBaCaD in (2.14a) and contracting it with a
A. It proves,
that aA is recurrent. 
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From Lemma 2.1 it follows that if a space is two-sided conformally recurrent and
CABCD 6= 0 then SD Weyl spinor could be of the type [II]n, [III]n, [N]n, [D]n, [D]ne or
[D]nn. In fact, only types [N]n and [D]nn are admitted. Indeed, one can prove the following
Theorem 2.4. Let CABCD 6= 0 and ∇mCABCD = rmCABCD. Then CABCD is of the type
[D]nn or [N]n.
Proof. From Lemma 2.1 we conclude, that if CABCD 6= 0 and ∇mCABCD = rmCABCD
then SD Weyl is algebraically degenerated and its multiple Penrose spinor is recurrent
CABCD = a(AaBbCcD), ∇maA = ZmaA (2.15)
Zm is the Sommers vector. Putting (2.15) in (2.14a) one finds
a(AaBΣCD) = 0, ΣCD := ∇m(bCcD) + (2Zm − rm)bCcD (2.16)
Hence, Σ(AB) = 0 what implies
∇m(b(CcD)) + (2Zm − rm)b(CcD) = 0 (2.17)
Contracting (2.17) with bCbD one finds two solutions: (i): bC∇mbC = 0 or (ii): bDcD = 0.
(i). The first solution implies that bD is recurrent so it is multiple Penrose spinor. If
bD is double Penrose spinor, then it is proportional to cD. The nonexpanding congruence
of SD null strings generated by the spinor bD is different to the congruence generated by
the spinor aA, so ∇mbD = SmbD, where Sm is Sommers vector of this congruence. Hence,
CABCD = a(AaBbCbD) and the type is [D]
nn. If bC is triple, then it must be proportional
to aA so CABCD = a(AaBaCcD) and Eq. (2.17) takes the form
∇mcD + (3Zm − rm)cD = 0 (2.18)
Eq. (2.18) implies that cD is recurrent so it is multiple Penrose spinor and it must be
proportional to aA. In this case we land at the type [N]
n.
(ii). The second solution implies that bD is proportional to cD, so it is double Penrose
spinor. The SD Weyl spinor takes the form CABCD = a(AaBbCbD) and is of the type [D]
n.
However, if we consider (2.17) written for cD = bD and contracted with b
D, we find that
bD is recurrent. Finally, the type reduces to [D]
nn. 
From Eq. (2.17) one finds relation between vector rm and Sommers vectors of the
congruences of null strings
for the type [D]nn : rm = 2Zm + 2Sm (2.19a)
for the type [N]n : rm = 4Zm (2.19b)
Theorem analogous to the Theorem 2.4 holds true for the ASD Weyl spinor. Moreover,
the existence of the nonexpanding congruence of null strings implies, that for the type
[D]nn the curvature scalar R 6= 0 and for the type [N]n the curvature scalar R = 0
[1, 12]. Hence, the spaces with mixed curvature, i.e., spaces of the types [D]nn ⊗ [N]n
or [N]n ⊗ [D]nn cannot be two-sided conformally recurrent. The only possibilities are
[N]n ⊗ [N]n, [D]nn ⊗ [D]nn, [N]n ⊗ [−]n and [D]nn ⊗ [−]e (compare Theorem 2.3). All of
these types except the last one have been explicitly found in [12].
To find the metric of the two-sided conformally recurrent space of the type [D]nn⊗[−]e
we use the hyperheavenly spaces formalism. As a starting structure we consider (M, ds2)
equipped with one congruence of SD null strings. Such a space is the algebraically
degenerated Walker space or - equivalently - weak nonexpanding hyperheavenly space.
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3 Weak nonexpanding hyperheavenly spaces
3.1 Spaces of the types [deg]n ⊗ [any]
3.1.1 The metric, connection and curvature
Weak hyperheavenly space has been defined in [2].
Definition 3.1. Weak hyperheavenly space (weakHH-space) is a 4-dimensional complex
analytic differential manifold M endowed with a holomorphic metric ds2 satisfying the
following conditions:
• there exists a 2-dimensional holomorphic totally null self-dual integrable distribution
given by the Pfaff system
mA g
AB˙ = 0 , mA 6= 0 (3.1)
• the self-dual Weyl spinor CABCD is algebraically degenerate and mA is a multiple
Penrose spinor i.e.
CABCDm
AmBmC = 0 (3.2)
If we additionally assume that the congruence of SD null strings is nonexpanding then
the metric of such a nonexpanding weak HH-space without any loss of generality can be
brought to the form [2,13]
1
2
ds2 = −dpA˙dqA˙ +QA˙B˙ dqA˙dqB˙ (3.3)
where QA˙B˙ = Q(A˙B˙) are holomorphic functions and (qA˙, pB˙) are complex variables. Co-
ordinates pA˙ are coordinates on null strings while coordinates qA˙ label the null strings.
Equivalently, leafs of foliation are given by qA˙ = const. Introduce the null tetrad
[e3, e1] = − 1√
2
g2
A˙
= dqA˙ (3.4)
[e4, e2] =
1√
2
g1A˙ = −dpA˙ +QA˙B˙ dqB˙
Tetrad (3.4) is so called Pleban´ski tetrad. If we define operators
∂A˙ :=
∂
∂pA˙
, ðA˙ :=
(
∂
∂qA˙
−Q B˙
A˙
∂B˙
)
(3.5)
∂A˙ :=
∂
∂pA˙
, ðA˙ :=
(
∂
∂qA˙
+QA˙B˙∂B˙
)
then the relation between null tetrads (∂1, ∂2, ∂3, ∂4) and (∂A˙,ðA˙) reads
[∂4, ∂2] = −∂A˙, [∂3, ∂1] = ðA˙ (3.6)
Decomposing the connection forms according to the formulas
ΓAB = −1
2
ΓABMN˙ g
MN˙ , ΓA˙B˙ = −
1
2
ΓA˙B˙MN˙ g
MN˙ (3.7)
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one finds that nonzero connection coefficients are
Γ122D˙ = −
1√
2
∂A˙QA˙D˙, Γ222D˙ = −
√
2ðA˙QA˙D˙, ΓA˙B˙2D˙ =
√
2 ∂(A˙QB˙)D˙ (3.8)
The SD curvature coefficients C(i) and the curvature scalar R read
C(5) = C(4) = 0, C(3) =
R
6
= −1
3
∂A˙∂B˙Q
A˙B˙, C(2) = − ∂A˙ðB˙QA˙B˙ (3.9)
1
2
C(1) = −ðA˙ðB˙QA˙B˙ + (ðA˙QA˙B˙)(∂C˙QB˙C˙), CA˙B˙C˙D˙ = −∂(A˙∂B˙QC˙D˙)
(where C(5) ∼ C1111, C(4) ∼ C1112, C(3) ∼ C1122,...). Finally, the components of the
traceless Ricci tensor are given by the formulas
C11A˙B˙ = 0, C12A˙B˙ = −
1
2
∂(A˙∂
C˙QB˙)C˙ , C22A˙B˙ = −∂(A˙ðC˙QB˙)C˙ (3.10)
The members (∂2, ∂4) of Pleban´ski tetrad are tangent to the null strings. In this sense
Pleban´ski tetrad is adapted to the congruence of SD null strings. Spinor field which
generates the congruence has the form mA = (0,m), m 6= 0. Petrov-Penrose types of SD
Weyl spinor are given by the conditions
type [II] : C(3) 6= 0, 2C(2)C(2) − 3C(1)C(3) 6= 0 (3.11)
type [D] : C(3) 6= 0, 2C(2)C(2) − 3C(1)C(3) = 0
type [III] : C(3) = 0, C(2) 6= 0
type [N] : C(3) = C(2) = 0, C(1) 6= 0
type [−] : C(3) = C(2) = C(1) = 0
[Remark: The metric (3.3) is double Kerr-Schild-equivalent to the flat metric [14].
Therefore it belongs to the double Kerr-Schild (dKS) class. If
QA˙B˙QA˙B˙ = 0 (3.12)
then the metric (3.3) exhibits the single Kerr-Schild (sKS) structure.]
3.1.2 Coordinate gauge freedom
The metric (3.3) remains invariant under the following transformations of the coordi-
nates
q′
A˙
= q′
A˙
(qB˙), p
′A˙ = D−1 A˙
B˙
pB˙ + σA˙ (3.13)
where σA˙ = σA˙(qB˙) are arbitrary functions and
D B˙
A˙
:=
∂q′
A˙
∂qB˙
= ∆
∂qB˙
∂q′A˙
= ∆
∂p′
A˙
∂pB˙
=
∂pB˙
∂p′A˙
, ∆ := det
(
∂q′
A˙
∂qB˙
)
=
1
2
DA˙B˙D
A˙B˙
D−1 B˙
A˙
=
∂qA˙
∂q′
B˙
= ∆−1
∂q′B˙
∂qA˙
=
∂p′B˙
∂pA˙
= ∆−1
∂pA˙
∂p′
B˙
(3.14)
Hence
D A˙
B˙
:= D N˙
M˙
∈M˙A˙∈B˙N˙= −∆D−1 A˙B˙ (3.15)
D−1 A˙
B˙
:= D−1 N˙
M˙
∈M˙A˙∈B˙N˙= −
1
∆
D A˙
B˙
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Functions QA˙B˙ transform under (3.13) as follows
Q′A˙B˙ = D−1 A˙
R˙
D−1 B˙
S˙
QR˙S˙ +D
−1 (A˙
R˙
∂p′B˙)
∂qR˙
(3.16)
Transformations (3.13) are equivalent to the spinorial transformations
LAB =
[
∆−
1
2 h˜∆
1
2
0 ∆
1
2
]
, 2h˜ :=
∂σR˙
∂q′R˙
(3.17)
M A˙
B˙
= ∆
1
2 D−1 A˙
B˙
Hence, dotted and undotted spinors transform according to the formulas
m′A = LABm
B, m′A˙ = M A˙
B˙
mB˙ (3.18)
3.2 Spaces of the types [deg]n ⊗ [−]
Weak HH-spaces formalism (also called the second Pleban´ski’s formalism) has one
major advantage. Using this formalism one can very easily pass to the algebraically
degenerated nonexpanding SD spaces, i.e., spaces of the types [deg]n⊗[−]. This transition
is realized by the algebraic condition CA˙B˙C˙D˙ = 0 (3.9) which can be immediately solved
[2, 12]. For the spaces of the types [deg]n ⊗ [−] one finds
QA˙B˙ = AN˙pN˙p
A˙pB˙ +BN˙(A˙pB˙)pN˙ +Bp
A˙pB˙ + CA˙B˙N˙pN˙ + C
(A˙pB˙) + EA˙B˙ (3.19)
where AN˙ , BN˙A˙ = B(N˙A˙), B, CA˙B˙N˙ = C(A˙B˙N˙), CA˙, EN˙A˙ = E(N˙A˙) are arbitrary functions
of the variables qA˙. Feeding (3.9) and (3.10) with (3.19) one gets
R
6
= C(3) = 4AN˙p
N˙ − 2B, C(2) = − ∂A˙QA˙,
1
2
C(1) = −ðA˙QA˙ +QB˙ ∂C˙QB˙C˙ (3.20)
C12A˙B˙ = 2A(A˙pB˙) +BA˙B˙, C22A˙B˙ = −∂(A˙QB˙)
where
QB˙ := ð
A˙QA˙B˙ (3.21)
=
∂
∂qA˙
(
AN˙pN˙pA˙pB˙ +B
N˙
(A˙
pB˙)pN˙ +BpA˙pB˙ + C
N˙
A˙B˙
pN˙ + C(A˙pB˙) + EA˙B˙
)
−AC˙CC˙A˙X˙pX˙pA˙pB˙ +
1
2
AC˙CA˙pC˙pA˙pB˙ −
1
2
BBA˙C˙pC˙pA˙pB˙
−BB˙C˙CA˙C˙X˙pA˙pX˙ − AC˙EA˙C˙pA˙pB˙ + AN˙EA˙B˙pA˙pN˙ −
3
4
CX˙B
X˙Z˙pZ˙pB˙
−1
4
CA˙BX˙
B˙
pA˙pX˙ − pX˙
(
CA˙C˙X˙CA˙C˙B˙ +
1
4
CB˙C
X˙ −BEX˙
B˙
)
−EA˙C˙BA˙C˙pB˙ −
1
2
C A˙C˙
B˙
CA˙pC˙ − EA˙C˙CA˙C˙B˙ −
1
2
CA˙EA˙B˙
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After tedious but straightforward calculations one arrives at the following transformation
formulas
A′N˙ = ∆D−1 N˙
M˙
AM˙ (3.22a)
B′ = B + 2D M˙
N˙
σN˙AM˙ (3.22b)
∆B′
N˙X˙
= D B˙
X˙
D R˙
N˙
BR˙B˙ − 2∆AR˙ σ(X˙D R˙N˙) (3.22c)
C ′B˙ = D−1 B˙
S˙
C S˙ − 2
3
∂ ln ∆
∂q′
B˙
− 2B′σB˙ − 4
3
σN˙B
′N˙B˙ +
8
3
A′
N˙
σN˙σB˙ (3.22d)
C ′A˙B˙R˙ = ∆D−1 A˙
X˙
D−1 B˙
S˙
D−1 R˙
M˙
CX˙S˙M˙ +D
−1 (A˙
S˙
D−1 B˙
M˙
∂2q′R˙)
∂qS˙∂qM˙
(3.22e)
−A′(A˙σB˙σR˙) −B′(A˙B˙σR˙)
E ′A˙B˙ = D−1 A˙
R˙
D−1 B˙
S˙
ER˙S˙ +D
−1 (A˙
R˙
∂σB˙)
∂qR˙
− C ′(A˙σB˙) −B′σA˙σB˙ (3.22f)
+A′
N˙
σN˙σA˙σB˙ − C ′N˙A˙B˙σN˙ −B′N˙(A˙σB˙)σN˙
4 Spaces of the type [D]nn ⊗ [−]e
4.1 Two-sided conformally recurrent spaces of the type [D]nn ⊗
[−]e
Except obvious advantage (compare the solution (3.19)), the HH-spaces formalism
has one major disadvantage. Namely, it is quite hard to pass from the spaces of the types
[deg]n ⊗ [−] to the spaces of the type [D]nn ⊗ [−]e. Indeed, the condition for CABCD to
be of the type [D] reads
2C(2)C(2) − 3C(1)C(3) = 0 (4.1)
Both C(1) and C(2) depends on ðA˙QA˙B˙ (3.21) and its derivatives. Clearly, (4.1) becomes
very complicated algebraic condition.
[Remark: HH-spaces formalism is not the only formalism which can be used to ob-
tain metrics of the SD spaces of the type [D] which are two-sided conformally recurrent.
The alternative approach uses the null tetrad which is adapted to the two distinct con-
gruences of SD null strings. If both these congruences are nonexpanding then the space
is of the type [D]nn ⊗ [any] and the metric has the form
1
2
ds2 =
∂2F
∂qA∂qB˙
dqAdqB˙ (4.2)
Coordinates (qA, qA˙) are so called double null coordinates. Although double null coor-
dinates system seems to be perfectly adapted to the spaces equipped with two distinct
nonexpanding congruences of SD null strings, it has one severe disadvantage. To pass to
the SD spaces of the type [D]nn ⊗ [−] one has to solve the condition CA˙B˙C˙D˙ = 0. It is
equivalent to the set of five nasty differential equations. This set of equations have been
attacked in [17], with no success.]
However, Eq. (4.1) leads to the type [D]n ⊗ [−]e. There is no second congruence of
SD null strings in general. To find the spaces which are two-sided conformally recurrent
we need much more special type [D]nn ⊗ [−]e. Instead of the condition (4.1) we focus on
the equations for the second congruence of SD null strings.
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The first congruence of SD null strings is generated by the spinor mA = (0,m), m 6= 0.
The second congruence is distinct so it must be generated by the spinor lA = (a, b) such
that lAmA = −am 6= 0. Hence, a 6= 0. The null strings equations for this second
congruence take the form
lAlB∇AM˙ lB = 0 (4.3)
and
for the type [D]ne ⊗ [−]e : lB∇AM˙ lB 6= 0
for the type [D]nn ⊗ [−]e : lB∇AM˙ lB = 0
We have to solve the equations
lB∇AM˙ lB = lB(∂AM˙ lB − ΓSBAM˙ lS) = 0 (4.4)
where
∂AC˙ :=
√
2[∂C˙ ,ðC˙ ] (4.5)
Eqs. (4.4) written for A = 1 give
lB
∂lB
∂pM˙
= 0 ⇐⇒ b ∂a
∂pM˙
− a ∂b
∂pM˙
= 0 (4.6)
with the solution b = f˜(qM˙)a. Transformation for the function f˜ reads
f˜ ′ = ∆−1f˜ − h˜ (4.7)
Using gauge function h˜ one can put f˜ = 0 without any loss of generality. Hence, lA =
(a, 0), a 6= 0. Eqs. (4.4) written for A = 2 give
0 = a2Γ222M˙ =⇒ ðA˙QA˙B˙ = 0 (4.8)
Condition ðA˙QA˙B˙ = 0 implies C(2) = C(1) = C22A˙B˙ = 0. ðA˙QA˙B˙ = 0 becomes a set of two
third-order polynomials in pA˙ with the coefficients which depend on qA˙ only. Explicitly,
we arrive at the following system of 15 equations for 15 functions
∂A(A˙
∂qB˙)
− CA˙B˙X˙AX˙ −
1
2
C(A˙AB˙) +
1
2
BBA˙B˙ = 0 (4.9a)
∂EA˙B˙
∂qA˙
− EA˙C˙CA˙C˙B˙ −
1
2
CA˙EA˙B˙ = 0 (4.9b)
3
2
∂B
∂qA˙
− ∂BA˙N˙
∂qN˙
+ CA˙X˙B˙B
X˙B˙ − 2AB˙EB˙A˙ − CX˙BX˙A˙ = 0 (4.9c)
1
2
B(A˙B˙
∂qC˙)
−BX˙
(A˙
CB˙C˙)X˙ − A(A˙EB˙C˙) +
1
4
C(A˙BB˙C˙) = 0 (4.9d)
3
2
∂CA˙
∂qA˙
− 2BA˙B˙EA˙B˙ = 0 (4.9e)
∂CA˙B˙C˙
∂qA˙
− 1
2
∂C(B˙
∂qC˙)
− CA˙X˙B˙CA˙X˙C˙ −
1
4
CB˙CC˙ +BEB˙C˙ +
1
2
CA˙CA˙B˙C˙ = 0 (4.9f)
Eqs. (4.9) look nasty, but, perhaps surprisingly, they can be completely solved in all gen-
erality. From (3.20) it follows, that AN˙ and B cannot vanish simultaneously. Otherwise,
the curvature scalar R = 0 and the SD Weyl spinor is not of the type [D] anymore. Thus
we have
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Lemma 4.1. For the spaces of the type [D]nn⊗[−]e the following statements are equivalent
(i) AN˙ = 0
(ii) C12A˙B˙ = 0
(iii) R = const
Proof. If AN˙ = 0 then from (4.9a) it follows BA˙B˙ = 0, because AN˙ and B cannot vanish
simultaneously. It implies C12A˙B˙ = 0. Conversely, C12A˙B˙ = 0 implies AN˙ = 0. Thus,
equivalence (i) ⇐⇒ (ii) is completed. It remains to prove (i) ⇐⇒ (iii). If R = const
then AN˙ = 0 (compare (3.20)). If AN˙ = 0 then (4.9a) implies BA˙B˙ = 0 and (4.9c) gives
B = const; consequently R = const. It completes the proof. 
From Lemma 4.1 it follows that there are two cases to be considered. The first is
AN˙ 6= 0 and in this case traceless Ricci tensor is nonzero. The second is AN˙ = 0 and in
this case the space is Einstein space.
In the end of this section we write down the form of the Sommers vectors of both
congruences
ZAB˙ =
√
2
[
∂M˙ lnm,ðM˙ lnm+
1
2
∂A˙QA˙M˙
]
6= 0 (4.10)
SAB˙ =
√
2
[
∂M˙ ln a,ðM˙ ln a−
1
2
∂A˙QA˙M˙
]
6= 0
Both these vectors are necessarily nonzero. Otherwise, the space is equipped with co-
variantly constant field of 1-index undotted spinors. It is possible only for the type [N]n.
Using (4.10) one finds (compare 2.19a)
rAB˙ = 2ZAB˙ + 2SAB˙ = 2
√
2[∂M˙ ln(ma),ðM˙ ln(ma)] = ∂AM˙ ln(am)
2 = ∂AM˙ lnR (4.11)
Clearly, the condition ∇mCABCD = rmCABCD implies ∇mR = rmR. However, simple
calculations prove that the condition ∇mCABC˙D˙ = rmCABC˙D˙ cannot be satisfied for
nonzero rm, i.e., for R 6= const. Hence, any SD space of the type [D]nn⊗[−]e is conformally
recurrent, but
(i) if Cab = 0 then it is conformally symmetric and symmetric
(ii) if Cab 6= 0 then it cannot be conformally symmetric, nor recurrent
4.2 Non-Einstein spaces of the type [D]nn ⊗ [−]e
The analysis presented in this section and in the section 4.3 uses the gauge freedom
(3.13). Formulas (3.22) remain valid but σA˙ are not arbitrary anymore. The ambiguity
in the gauge function h˜ has been already used (compare (4.7)) and from now on h˜ = 0.
Hence, σA˙ =
∂σ
∂q′
A˙
, where σ = σ(qM˙).
Because AN˙ 6= 0 one can put AN˙ = δ1˙N˙ and B = 0 without any loss of generality.
Gauge transformations are reduced to
q′1˙ = q′1˙(q1˙), q′2˙ = q2˙ + s˜(q1˙) =⇒ ∆ = dq
′1˙
dq1˙
σ = σ(q1˙) =⇒ σ1˙ = 0, σ2˙ = −∆−1 dσ
dq1˙
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where s˜ and σ are arbitrary functions of q1˙ only. If, for convenience, we denote
M := C1˙1˙1˙, N := C1˙1˙2˙, P := C1˙2˙2˙, S := C2˙2˙2˙ (4.12)
from Eqs. (4.9a) one finds
S = 0, C1˙ = −2N, C2˙ = −4P (4.13)
Eqs. (4.9c), (4.9d) and consistency conditions between them implies
BA˙C˙ = BA˙C˙(q
1˙), E1˙1˙ =
1
2
dB1˙1˙
dq1˙
+MB1˙2˙ −
3
2
NB1˙1˙ (4.14)
E1˙2˙ =
1
2
dB1˙2˙
dq1˙
+
1
2
MB2˙2˙ −
3
2
PB1˙1˙, E2˙2˙ =
1
2
dB2˙2˙
dq1˙
+
3
2
NB2˙2˙ − 3PB1˙2˙
Feeding (4.9f) with (4.14) yields
M = M(q1˙), P = P (q1˙), N = N(q1˙) (4.15)
Eqs. (4.9b) give
E2˙2˙ = const1,
d2B1˙2˙
dq1˙dq1˙
+ 2M
dB2˙2˙
dq1˙
− 3N dB1˙2˙
dq1˙
− 3B1˙1˙
dP
dq1˙
+B2˙2˙
dM
dq1˙
= 0 (4.16)
the last Eq. (4.9e) reduces to the form
6P +B2
1˙2˙
−B1˙1˙B2˙2˙ = const2 (4.17)
Finally, we have to solve three equations (4.16) and (4.17) on six functionsBA˙C˙ ,M,N, P
of one variable q1˙. There are still three arbitrary gauge functions of one variable to our
disposal. Detailed analysis of the transformation formula for BA˙B˙ leads to three cases
(i) BA˙C˙B
A˙C˙ = 0, BA˙C˙ 6= 0
(ii) BA˙C˙B
A˙C˙ 6= 0
(iii) BA˙C˙ = 0
Case (i) gives the solution
A1˙ = 1, A2˙ = 0, B = 0, B1˙1˙ = B1˙2˙ = 0, B2˙2˙ = 1,
C1˙1˙1˙ = M0, C1˙1˙2˙ = N0, C1˙2˙2˙ = P0, C2˙2˙2˙ = 0,
E1˙1˙ = 0, E1˙2˙ =
1
2
M0, E2˙2˙ =
3
2
N0, C1˙ = −2N0, C2˙ = −4P0,
What implies
Q1˙1˙ = −p1˙3 + p1˙p2˙ + 3P0p1˙ + 3
2
N0 (4.18)
Q1˙2˙ = −p1˙2p2˙ + 1
2
p2˙
2
+ 3P0p
2˙ − 1
2
M0
Q2˙2˙ = −p1˙p2˙2 −M0p1˙ − 3N0p2˙
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where M0, N0 and P0 are arbitrary constants. The metric reads
1
2
ds2 = dydq − dxdp− (xy2 +M0x+ 3N0y) dq2 (4.19)
+
(
2x2y − y2 − 6P0y +M0
)
dqdp+
(
−x3 + xy + 3P0x+ 3
2
N0
)
dp2
where we denoted
p1˙ =: x, p2˙ =: y, q1˙ =: q, q2˙ =: p (4.20)
In this case the condition (3.12) cannot be satisfied so the metric belongs to the dKS
class.
Cases (ii) and (iii) lead to the solution
A1˙ = 1, A2˙ = 0, B = 0, B1˙1˙ = B2˙2˙ = 0, B1˙2˙ = B0,
C1˙1˙1˙ = C1˙1˙2˙ = C2˙2˙2˙ = 0, C1˙2˙2˙ = P0,
E1˙1˙ = E1˙2˙ = 0, E2˙2˙ = −3P0B0, C1˙ = 0, C2˙ = −4P0
Hence
Q1˙1˙ = −p1˙3 +B0p1˙
2
+ 3P0p
1˙ − 3P0B0 (4.21)
Q1˙2˙ = −p1˙2p2˙ + 3P0p2˙
Q2˙2˙ = −p1˙p2˙2 −B0p2˙
2
where P0 and B0 are arbitrary constants. Finally, we arrive at the metric
1
2
ds2 = dydq − dxdp− y2(x+B0) dq2 (4.22)
+2y
(
x2 − 3P0
)
dqdp+ (x−B0)(3P0 − x2) dp2
In general the metric (4.22) belongs to the dKS class but if 3P0 = B
2
0 then it becomes
sKS metric.
[Remark. In both cases (4.19) and (4.22) the traceless Ricci tensor can be written
in the form
CABC˙D˙ = fABfC˙D˙ where fABf
AB 6= 0, fC˙D˙f C˙D˙ 6= 0
so it has the form of a general electromagnetic field [18]. Hence, the algebraic type of the
traceless Ricci tensor is [2N1 − 2N ]2.]
4.3 Einstein spaces of the type [D]nn ⊗ [−]e
In this section we deal with Einstein case which is characterized by AN˙ = 0. Since
Cab = 0 and R = −4Λ where Λ is cosmological constant, one finds (compare (3.20))
B = B0 =
Λ
3
= const 6= 0 (4.23)
Eqs. (4.9a) imply BA˙C˙ = 0. Eqs. (4.9c) and (4.9d) are identically satisfied. The existence
of C = C(qM˙) such that CA˙ =
∂C
∂qA˙
follows from Eq. (4.9e). Then C can be gauged away
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(compare (3.22d)). Hence, CA˙ = 0 but from now on the gauge function σ is not arbitrary
anymore. Indeed, it reads Λσ + ln ∆ = const. We are left with five equations
∂EA˙B˙
∂qA˙
− EA˙C˙CA˙C˙B˙ = 0 (4.24a)
∂CA˙B˙C˙
∂qA˙
− CA˙X˙B˙CA˙X˙C˙ +B0EB˙C˙ = 0 (4.24b)
Because B0 6= 0, from Eqs. (4.24b) one gets solutions for EA˙B˙
B0E1˙1˙ = 2MP − 2N2 −
∂M
∂q2˙
+
∂N
∂q1˙
(4.25)
B0E1˙2˙ = MS −NP −
∂N
∂q2˙
+
∂P
∂q1˙
B0E2˙2˙ = 2NS − 2P 2 −
∂P
∂q2˙
+
∂S
∂q1˙
(where we used the abbreviations (4.12)). Eqs. (4.24a) written explicitly read
∂
∂q2˙
(
3MP − 3N2 − ∂M
∂q2˙
+
∂N
∂q1˙
)
− ∂
∂q1˙
(
MS − ∂N
∂q2˙
+
∂P
∂q1˙
)
(4.26a)
+3N
∂P
∂q1˙
−M ∂S
∂q1˙
= 0
∂
∂q2˙
(
MS − ∂N
∂q2˙
+
∂P
∂q1˙
)
− ∂
∂q1˙
(
3NS − 3P 2 − ∂P
∂q2˙
+
∂S
∂q1˙
)
(4.26b)
−3P ∂N
∂q2˙
+ S
∂M
∂q2˙
= 0
At this point the crucial step is careful analysis of the transformation formulas (3.22e).
One finds
∆2M ′ =
(
∂q′2˙
∂q2˙
)3(
M − 3τN + 3τ 2P − τ 3S + ∂τ
∂q1˙
− τ ∂τ
∂q2˙
)
(4.27)
τ :=
∂q′2˙
∂q1˙
(
∂q′2˙
∂q2˙
)−1
Using the ambiguity in the gauge function q′2˙ = q′2˙(qM˙) (consequently, in τ) the function
M can be gauged away. To keep M = 0 gauge freedom is limited to the transformations
q′2˙ = q′2˙(q2˙), i.e., τ = 04. Transformation for N reads now
∆2N ′ =
(
dq′2˙
dq2˙
)2(
∂q′1˙
∂q1˙
N − 1
3
∂2q′1˙
∂q1˙∂q1˙
)
(4.28)
Arbitrariness in q′1˙ = q′1˙(qB˙) allows to gauge away the function N . Gauge transforma-
tions are reduced then to the following formulas
q′2˙ = q′2˙(q2˙),
dq′2˙
dq2˙
=: µ(q2˙), q′1˙ = ν(q2˙)q1˙ + g(q2˙), ∆ = µν 6= 0 (4.29)
4To be more precise, the choice M = 0 can be maintained with nonzero τ . However, we put τ = 0
for clarity of further investigations.
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where g, µ and ν are arbitrary gauge functions of one variable q2˙.
Eqs. (4.26) with M = N = 0 implies
P = fq1˙ + β, S = f 2q1˙
3
+
(
df
dq2˙
+ 3fβ
)
q1˙
2
+ γq1˙ + δ (4.30)
where f, β, γ and δ are arbitrary functions of q2˙. Transformation formulas for these
functions read
µνf ′ = f (4.31)
µβ′ = β − µgf ′ + 1
3
d
dq2˙
ln(µν−2)
µ2ν3γ′ = ν3γ − 3νg2f 2 − 2ν3µ2g
(
1
µ
df ′
dq2˙
+ 3f ′β′
)
− 3ν2 dν
dq2˙
β − 3fν2 dg
dq2˙
−ν2 d
2ν
dq2˙dq2˙
+ 2ν
(
dν
dq2˙
)2
µ2ν2δ′ = ν3δ − 3ν2β dg
dq2˙
− ν2 d
2g
dq2˙dq2˙
+ 2ν
dg
dq2˙
dν
dq2˙
− µ2ν2(f ′2g3 + gγ′)
−µ2ν2g2
(
1
µ
df ′
dq2˙
+ 3f ′β′
)
From (4.31) it follows that one can always put β = γ = δ = 0 without any loss of
generality. Finally we obtain the solution
AB˙ = 0, B = B0 6= 0, BA˙C˙ = 0, CA˙ = 0
C1˙1˙1˙ = 0, C1˙1˙2˙ = 0, C1˙2˙2˙ = fq
1˙, C2˙2˙2˙ = f
2q1˙
3
+
df
dq2˙
q1˙
2
E1˙1˙ = 0, E1˙2˙ =
f
B0
, E2˙2˙ =
1
B0
(
f 2q1˙
2
+
df
dq2˙
q1˙
)
Hence
Q1˙1˙ = B0p
1˙p1˙ − fq1˙p1˙ −
(
f 2q1˙
3
+
df
dq2˙
q1˙
2
)
p2˙ +
1
B0
(
f 2q1˙
2
+
df
dq2˙
q1˙
)
(4.32)
Q1˙2˙ = B0p
1˙p2˙ + fq1˙p2˙ − f
B0
Q2˙2˙ = B0p
2˙p2˙
where f = f(q2˙) is an arbitrary function. Using (4.20) and (4.23) one arrives at the
metric
1
2
ds2 = dydq − dxdp+ Λ
3
(ydq − xdp)2 − 2f
(
qy − 3
Λ
)
dpdq (4.33)
−
(
fqx+
(
qy − 3
Λ
)(
f 2q2 +
df
dp
q
))
dp2, f = f(p)
Remark: The problem of Einstein spaces of the type [D]nn ⊗ [−]e can be attacked
more directly, by using the formalism of the hyperheavenly spaces instead of the weak
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hyperheavenly spaces. Frankly, we followed that way and we arrived exactly at the
solution (4.33). The key function, which generates the metric (4.33) has the form
Θ =
(
1
2
fqy2 − 3f
Λ
y
)
x+
1
6
(
f 2q3 +
df
dp
q2
)
y3 − 3
2Λ
(
f 2q2 +
df
dp
q
)
y2 (4.34)
The metric (4.33) contains one arbitrary function of one variable f(p). This function
does not enter into the curvature or higher curvature invariants what suggests that it is
gauge-dependent. We were not able to find an explicit transformation of the variables
which makes f = 0. However, there are a little more subtle ways to prove that f is not
essential. We are indebted to the anonymous Referee for pointing out these ways for us.
First we consider the Killing vectors of the metric (4.33). After some tedious calcula-
tions we arrive at the conclusion, that any Killing vector admitted by the metric (4.33)
can be brought to the form
K = (−faq3 + apq2 + cq + e) ∂
∂q
+ (aq + b)
∂
∂p
(4.35)
+
[ (−∂p(af)q3 + appq2 + cpq + ep) y − (apq + bp)x
− 1
Λ
(−3∂p(af)q2 + 3appq + cp + bpp) ] ∂
∂x
+
[
(3faq2 − 2apq − c)y + ax+ 3
Λ
(ap − 2faq)
]
∂
∂y
where
a(p) := eFFp − α0F 2 − Fp(m0p2 + r0p+ s0) + F (m0p+ r0 − n0) + z0p+ j0 (4.36)
b(p) := −eF +m0p2 + r0p+ s0
c(p) := α0F − 2eFp +m0p+ n0
e(p) := α0p+ β0
α0, β0, m0, n0, r0, s0, z0 and j0 are constants and F (p) is a function such that f = Fpp.
Hence, the metric (4.33) admits 8 Killing vectors. There is only one SD Einstein metric
with 8-dimensional symmetry algebra (see, e.g., [3]). It reads
1
2
ds2 = dydq − dxdp+ Λ
3
(ydq − xdp)2 (4.37)
which is exactly the metric (4.33) with f = 0. It proves, that f in (4.33) can be put zero
without any loss of generality. For completeness we list all Killing vectors admitted by
the metric (4.37). They read
K1 =
∂
∂p
, K2 =
∂
∂q
, K3 = q
∂
∂q
− y ∂
∂y
, K4 = p
∂
∂p
− x ∂
∂x
(4.38)
K5 = q
∂
∂p
+ x
∂
∂y
, K6 = p
∂
∂q
+ y
∂
∂x
K7 = q
(
q
∂
∂q
+ p
∂
∂p
− x ∂
∂x
)
+
(
3
Λ
− 2qy + px
)
∂
∂y
K8 = p
(
q
∂
∂q
+ p
∂
∂p
− y ∂
∂y
)
+
(
qy − 2px− 3
Λ
)
∂
∂x
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Note, that with f = 0 the key function (4.34) vanishes. It means that in the second
Pleban´ski formalism the general metric of the type [D]nn ⊗ [−]e is generated by the key
function Θ = 0.
If coordinates (q, p, x, y) are real and f is a real smooth function then the metric
(4.33) becomes real metric with neutral signature and with nonzero curvature scalar. An
interesting way of construction of such a metric has been presented in [3]. The authors
of [3] constructed a neutral signature Einstein metric with R 6= 0 from a given projective
structure on a 2-dimensional surface. Such a metric has a form
1
2
ds2 = dξidx
i −
(
Γkijξk −
Λ
3
ξiξj − 3
Λ
Pij
)
dxidxj (4.39)
where i, j, k = 1, 2, (ξi, x
j) are local coordinates, Γkij are the Christoffel symbols of a
[∇]-representative connection and Pij is the Schouten tensor of Γkij. The metric (4.33)
fits in (4.39) if we put
ξ1 = y, ξ2 = −x, x1 = q, x2 = p
Then
Γk11 = Γ
2
12 = 0, Γ
1
12 = fq, Γ
2
22 = −fq, Γ122 = f 2q3 +
df
dp
q2 (4.40)
P11 = 0, P12 = P21 = f, P22 = f
2q2 +
df
dp
q
The projective curvature of the projective structure in 2-dimensions is given by ∇[iPj]k
which is zero for any f . Therefore the projective structure is projectively flat. Hence,
the corresponding SD Einstein metric is isometric to (4.37) what again prove, that f in
(4.33) can be eliminated.
4.4 Einstein spaces of the type [D]nn ⊗ [−]e in double null coor-
dinates system
In this section we transform the solution (4.37) into double null coordinates system.
To do it we proceed, as follows.
The first congruence of SD null strings is given by the Pfaff system e3 = 0, e1 = 0 or,
equivalently, qA˙ = const. The second congruence is defined by the Pfaff system e4 = 0,
e2 = 0 (because ðA˙QA˙B˙ = 0). It means that there exist functions FAB˙ and qA such that
− dpA˙ +QA˙B˙dqB˙ = FBA˙dqB (4.41)
Hence, the second congruence of SD null strings is given by the equations qA = const.
Then
1
2
ds2 = −dpA˙dqA˙ +QA˙B˙ dqA˙dqB˙ (4.42a)
= FAB˙ dqAdqB˙ (4.42b)
To pass to the double null coordinates system the coordinates qB˙ should be kept un-
changed and coordinates pA˙ should be treated as functions of (qB, qC˙). It is equivalent
to the set of equations
QA˙B˙ =
∂p(A˙
∂qB˙)
(4.43)
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Then
FAB˙ =
∂pB˙
∂qA
(4.44)
with
detFAB˙ =
∣∣∣∣∣∣∣∣
F11˙ F12˙
F21˙ F22˙
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
∂y
∂r
−∂x
∂r
∂y
∂s
−∂x
∂s
∣∣∣∣∣∣∣∣ 6= 0
where we denoted
p1˙ =: x, p2˙ =: y, q1˙ =: q, q2˙ =: p, q1 =: r, q2 := s (4.45)
Hence, (4.42b) takes the form
1
2
ds2 =
∂y
∂r
drdq − ∂x
∂r
drdp+
∂y
∂s
dsdq − ∂x
∂s
dsdp (4.46)
Eqs. (4.43) read
∂y
∂q
= −B0y2, ∂y
∂p
− ∂x
∂q
= 2B0xy,
∂x
∂p
= B0x
2; 3B0 = Λ (4.47)
with solution
x = − J
B0(B0q + Jp+G)
, y =
1
B0q + Jp+G
(4.48)
where J and G are arbitrary functions of (r, s). Performing straightforward calculations
one finds that the factors Grdr + Gsds and Jrdr + Jsds appear in (4.46). These factors
are obviously equal to dG and dJ , respectively. It suggest that the functions G and J
should be considered as the new coordinates. Changing the names of these coordinates,
namely G→ s, J → r we arrive at the metric
1
2
ds2 =
3
Λ(rp+ s+ q)2
(
(q + s) drdp− p drdq − r dsdp− dsdq) (4.49)
The metric (4.49) can be brought to more plausible form by the transformation
r =
1
w
, p =
1
z˜
, s =
z
w
, q =
w˜
z˜
(4.50)
Hence
1
2
ds2 =
3
Λ(1 + ww˜ + zz˜)2
(
(1 +ww˜) dzdz˜+ (1 + zz˜) dwdw˜−wz˜ dzdw˜− zw˜ dwdz˜) (4.51)
The metric (4.51) can be rewritten as
1
2
ds2 = Fww˜ dwdw˜ + Fwz˜ dwdz˜ + Fzw˜ dzdw˜ + Fzz˜ dzdz˜ (4.52)
with the potential
F = 3
Λ
ln(1 + ww˜ + zz˜) (4.53)
Finally we arrive at the conclusion that the metric of the SD Einstein space of the type
[D]nn ⊗ [−]e can be always brought to the form (4.51). In general this metric is complex
and coordinates (w, w˜, z, z˜) are also complex. From the complex metric (4.51) three
different real slices can be obtained. Indeed:
20
1. For the neutral slice of the type [Dr]
nn⊗ [−]e coordinates (w, w˜, z, z˜) are real. Such
a space is equipped with two (real) nonexpanding congruences of SD null strings.
2. For the neutral slice of the type [Dc]⊗ [−]e coordinates (w, w˜, z, z˜) are complex and
such that z˜ = w¯, w˜ = z¯ where bar stands for the complex conjugation. In this case
there are no real congruences of SD null strings.
3. For the Riemannian slice of the type [D]⊗ [−] coordinates (w, w˜, z, z˜) are complex
and such that w˜ = w¯ and z˜ = z¯. In this case the metric (4.51) is Fubini-Study
metric.
The procedure presented in this section can be applied to the non-Einstein metrics
(4.19) and (4.22), but the results will be presented elsewhere.
5 Concluding remarks.
In this paper we have investigated SD spaces which are two-sided conformally re-
current. Although many papers have been devoted to the conformally recurrent spaces,
there is only one paper which consider SD spaces with such a property [12]. In that paper
Pleban´ski and Przanowski were able to integrate type-[N] SD spaces. The question of the
type-[D] SD spaces remained open. In the present paper we have filled this gap.
We proved that two-sided conformally recurrent SD spaces of the type [D] belong to
the special class [D]nn⊗ [−]e, i.e., they are equipped with two nonexpanding congruences
of SD null strings. Conversely, any space of the type [D]nn⊗[−]e is a two-sided conformally
recurrent space. This property is crucial and allows to integrate the equations. There
are two classes of non-Einstein spaces (4.19) and (4.22) and one class of Einstein spaces
(4.37). The real neutral and Riemannian slices of the Einstein solution have been also
found.
The further investigations should be focused on the two issues related to the non-
Einstein solutions. The algebraic reason why the non-Einstein solutions split in two
classes (4.19) and (4.22) is obvious. The geometrical reason is unknown. More detailed
investigations of the properties of the traceless Ricci tensor could answer this question.
We believe, that the authors of [12] faced the same problem. They arrived at the three
classes of solutions of the type-[N] SD spaces. Also in this case the geometrical difference
between these classes is unclear. The question how obtain real Riemannian slices of the
non-Einstein complex metrics (4.19) and (4.22) is also opened. The work on it is under-
way.
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